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We theoretically predict a nonequilibrium phase transition in quantum spin systems induced by
a laser, which provides a purely quantum-mechanical way of coherently controlling magnetization.
Namely, when a circularly polarized laser is applied to a spin system, the magnetic component of a
laser is shown to induce a magnetization normal to the plane of polarization, leading to an ultrafast
phase transition. We first demonstrate this phenomenon numerically for an S = 1 antiferromagnetic
Heisenberg spin chain, where a new state emerges with magnetization perpendicular to the polar-
ization plane of the laser in place of the topologically ordered Haldane state. We then elucidate its
physical mechanism by mapping the system to an effective static model. The theory also indicates
that the phenomenon should occur in general quantum spin systems with a magnetic anisotropy.
The required laser frequency is in the terahertz range, with the required intensity being within a
prospective experimental feasibility.
PACS numbers: 42.55.Ah, 75.10.Jm, 75.10.Pq, 75.30.Gw
I. INTRODUCTION
There is a growing fascination with physics of nonequi-
librium systems, which is becoming an important topic
in condensed-matter and other fields of physics. For
electron systems, a host of novel phenomena induced
in nonequilibrium situations, such as photoinduced
Mott transitions [1–3], photoinduced topological transi-
tions [4–7], etc, have been fathomed. Non-equilibrium
physics is explored in cold atoms as well, where quan-
tum simulation is being realized [8, 9]. Now, we pose
a question: can we propose novel non-equilibrium phe-
nomena for quantum spin systems as opposed to electron
systems? Spin systems are a distinct class of many-body
systems, having various possibilities as in recent spintron-
ics, so nonequilibrium phenomena are highly intriguing.
Here we propose a novel, nonequilibrium way to coher-
ently control many-body states in spin systems with in-
tense laser fields. In contrast to the control of single
quantum states, e.g., qubits, which is becoming impor-
tant in the field of quantum computation [10], we want to
develop a method to control collective phenomena, such
as phase transitions, with a laser.
One way to control electron and atomic systems co-
herently is to exploit an interaction between matter and
laser. Control of spin systems in condensed matter by
lasers is becoming a realistic as well as fascinating topic
due to recent experimental advances [11–13]. The key
in our study is to use a magnetic component of circularly
polarized lasers with photon energy far below the electron
energy scale. It was in fact demonstrated recently that
a magnetic field of lasers in the terahertz (THz) regime
can directly access the spin dynamics without disturb-
ing the charge degrees of freedom of electrons [11]. This
enables us to focus on coherent spin dynamics since in-
coherent processes arising from charge excitations can
be prevented. While the setup of Ref. 11 is within the
linear-response regime, here we explore a nonequilibrium
avenue in the nonperturbative regime, where we pro-
pose that a “laser-induced phase transition” with perfect
quantum coherence can be realized. Namely, a circularly
polarized laser is shown to induce a net magnetization in
quantum antiferromagnets. Most of the previous stud-
ies about spin pumping [14] or spintronics [15] focus on
controlling some existing magnetization by a spin torque,
which is in sharp contrast with the present nonequilib-
rium phenomenon where the magnetization rises from
zero in a direction perpendicular to the polarization plane
of the laser as a purely quantum-mechanical effect.
We first demonstrate the dynamical induction of mag-
netization numerically with the infinite time-evolving
block decimation (iTEBD) [16, 17] for one-dimensional
spin chains. The iTEBD is a numerical method that
exploits a matrix-product state representation, and can
deal with infinite systems (i.e., free of finite size effects)
by imposing a spatial periodicity. Through imaginary-
time and real-time evolutions, we can obtain the GS and
dynamics of a system, respectively.
Dynamical phase transitions require a theoretical
treatment that goes beyond the linear-response theory.
The Floquet theory is becoming a standard picture
for studying quantum systems under time-periodic driv-
ing [5–7, 18]. Namely, the time periodicity enables us
to cast a time-dependent problem into a static effective
model governed by the Floquet Hamiltonian. This has
proved to be a useful method in the theory of “Floquet
topological insulators” [5–7], and has also been applied to
many-body problems such as a photoinduced Mott tran-
sition [18]. We find here that we can map spin systems in
a circularly polarized laser onto static effective systems
in a slanted magnetic field using unitary transformation
into a rotating frame, or equivalently the Floquet theory.
2The emergence of the laser-induced magnetization can
be understood from this static model, which we confirm
by comparing exact diagonalization results with iTEBD.
Since the above discussion is also applicable to systems
with spatial dimensions higher than one, they should ac-
commodate the induction of magnetization as well.
While the magnetization can be induced in any dimen-
sions, one-dimensional antiferromagnets have, quantum
mechanically, a special interest. The system is known to
be gapless if the size of each spin S is a half-odd-integer,
and gapped if S is an integer. This is the celebrated Hal-
dane’s conjecture [19], now established by intensive ana-
lytic, numerical, and experimental studies. Specifically,
the groundstate (GS) of S = 1 spin chain, known as the
Haldane phase, is topologically protected by a symme-
try [20], and is characterized by a string order param-
eter [21]. We find an interesting relationship between
the size of the induced magnetization and the correlation
length of the string order correlation function.
This paper is organized as follows. The setup and the
model is described in Sec. II. We explain the mapping
from the original model to an effective static one with a
rotating frame in Sec. III. Section IV is devoted to an
explanation about the relationship between the induced
magnetization and the string order correlation function.
A summary and discussions, including experimental fea-
sibility, are given in Sec. V.
II. FORMULATION
We consider an application of circularly polarized laser
to quantum spin systems, as shown in Fig. 1(a). In this
paper, we focus on one-dimensional Heisenberg antifer-
romagnets with a Hamiltonian,
H0 = J
∑
〈i,j〉
Si · Sj +D
∑
i
(Szi )
2 (J > 0), (1)
where the term proportional to the coefficient D is the
magnetic anisotropy of a single-ion type. The model
is simple, and also known to be realistic for describing,
e.g., organic compounds such as Ni(C2H8N2)2NO2ClO4
(NENP) and Ni(C5D14N2)2N3(PF6) (NDMAP). D/J in
NENP and NDMAP is estimated from experiments to be
about 0.18 [22] and 0.25 [23], respectively. Here, we set
D/J = 0.25.
We consider a sudden switch-on of the laser at t = 0
starting from the GS of (1), which is in the Haldane
phase [24]. The state evolves according to the Hamil-
tonian
H(t) = H0 −A(e
−iΩtS+tot + e
iΩtS−tot) (2)
for t > 0, where 2A and Ω are the amplitude and fre-
quency (photon energy) of the laser, respectively, and
S±tot = S
x
tot ± iS
y
tot are raising and lowering operators for
the total spin (S
x (y,z)
tot ≡
∑
i S
x (y,z)
i ). Here, we assume
that only the magnetic component of the laser couples
B(t)
S
i
S
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FIG. 1: (Color online) (a) A quantum spin system illuminated
by a circularly polarized laser is schematically depicted. (b)
A typical evolution of the magnetization induced by the laser,
which is calculated with iTEBD for D/J = 0.25, A/J = 1.0,
and Ω/J = 1.4. The range of the plot corresponds to about
two cycles of the laser (a time interval 0 ≤ t ≤ 9.6J−1).
to the system, and that the laser is applied along the z
axis. Thus, each spin feels a magnetic field rotating in the
xy plane, B(Sxtot cosΩt+ S
y
tot sinΩt), which is expressed
above in terms of the spin raising and lowering operators
(B = 2A).
The time evolution of the induced magnetization M
(≡ 〈Si〉) calculated with iTEBD is displayed in Fig. 1(b).
Note that M is normalized so that fully polarized mag-
netization is 1. The magnetization starts from zero
and grows in magnitude with precession. Remarkably,
the emerging M tends to point in the z direction, de-
spite the external magnetic field being entirely in the xy
plane. There are two conditions for the emergence of
magnetization. One is the anisotropy of the spin sys-
tem. In SU(2) symmetric systems, the spin dynamics
becomes trivial since H0 would then commute with S
±
tot
and Sztot ≡
∑
i S
z
i . In the present system, the single-ion
magnetic anisotropy, i.e., theD term, lifts this constraint.
An Ising-type anisotropy (XXZ model) has a similar ef-
fect as well. The second condition is to use a circular
polarized light. In a linearly-polarized light, emergence
of magnetization perpendicular to the applied magnetic
field is prohibited by spin-inversion symmetry.
As for a precession of the magnetization, there is an
intuitive way to grasp the behavior with a semiclassical
spin picture. As can be seen from the numerical result
for Mz in Fig. 2, the evolution is nonmonotonic. If we
compare time evolution of Mz with the relative angle
between the directions of the external magnetic field and
magnetization: ∆θ ≡ Ωt− arctan(My/Mx) mod π, the
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FIG. 2: (Color online) Time-evolution of magnetization along
z-axis Mz (top panel), and phase difference, ∆θ (bottom), in
the xy plane between the laser magnetic field and induced
magnetization.
regions for increasing (decreasing) Mz are seen to coin-
cide with positive (negative) ∆θ regions. This indicates
that M ≡ (Mx,My,Mz) follows a semi-classical equa-
tion, M˙ = γM×B(t), where B(t) = B(cosΩt, sinΩt, 0)
is the magnetic field of the laser with γ a positive con-
stant. If we use fields with opposite circular polarization
(left versus right), the magnetization points in the other
direction.
However, the emergence of the magnetization is purely
a quantum process. In order to clarify the mechanism,
we study how the induced magnetization depends on the
laser amplitude and frequency. As shown in Fig. 3(a),
Mz ∝ (A/J)2 for small A. This result indicates that
this is a second-order nonlinear process in terms of the
laser magnetic field. Figure 3(b) shows the Ω depen-
dence of Mz at various t. As time advances, the peak
in Mz develops around Ω/J ≃ 1.4, which implies a reso-
nance at this frequency. We note that this energy scale
is an order of magnitude greater than the Haldane gap
∆/J ≃ 0.26 [25], so that this is taken to be a hallmark
of the contribution from high-energy excited states. In
the following, we explain the induction of magnetization
and the resonance behavior in terms of mapping to an ef-
fective static model combined with exact diagonalization
results.
III. MAPPING TO A STATIC MODEL
The dynamics of the present system can be understood
by mapping it onto a system described by an effective
static model using a unitary transformation. The time-
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FIG. 3: (Color online) (a) A dependence of Mz for t/J−1 =
2.4. The solid line is a fit toMz ∝ (A/J)2. (b) Ω dependence
of Mz at various t.
dependent Schro¨dinger equation for the original Hamil-
tonian (2) is
[i∂t −H(t)] |Ψ(t)〉 = 0.
If we move on to a reference frame rotating with the
magnetic component of laser using a unitary transforma-
tion U = exp(iΩSztott), the new state |Ψ
′(t)〉 = U |Ψ(t)〉
satisfies
U [i∂t −H(t)]U
†|Ψ′(t)〉 = 0.
With the commutation relations,
[
U, i∂t
]
U † = ΩSztot,[
U,H(t)
]
U † = −A
(
e−iΩt[U, S+tot] + e
iΩt[U, S−tot]
)
U †
= −A
[
S+tot(1 − e
−iΩt) + S−tot(1− e
iΩt)
]
= −2ASxtot +A(e
−iΩtS+tot + e
iΩtS−tot),
the Schro¨dinger equation is cast into the form
[
i∂t −
(
H0 − 2AS
x
tot − ΩS
z
tot
)]
|Ψ′(t)〉 = 0.
Thus we end up with an effective static Hamiltonian
H′ = H0 − 2AS
x
tot − ΩS
z
tot, (3)
which is simply a spin system in a slanted magnetic field
Beff = (B, 0,Ω) with B = 2A [Fig. 4(a)]. We note that
this mapping is applicable to arbitrary lattice structures
other than the chain considered here. We also note that
the effective description has resemblance with the prob-
lem of electron spin resonance (e.g., Ref. 26), where the
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FIG. 4: (Color online) (a) The unitary transformation into
a rotating frame maps the spin system in circularly polar-
ized laser with amplitude B and frequency Ω to a static spin
model with a slanted magnetic field Beff = (B, 0,Ω). (b)
An effective description of the laser-induced magnetization.
The magnetic field in the z direction Ω shifts the many-body
energy levels with a “Zeeman splitting.”
role of the external magnetic field is here played by the
laser frequency Ω. Now the above treatment enables us to
understand the mechanism of the laser-induced magne-
tization process. Excited states with Sztot = ±j (j > 0)
are initially degenerate due to the spin inversion sym-
metry (Szi → −S
z
i ). When the laser is turned on, the
“longitudinal magnetic field” ∝ Ω lifts the degeneracy
due to the Zeeman effect and the energy levels split into
Ej → Ej∓jΩ as shown in Fig. 4(b). The transverse field
B acts to hybridize the states having different Sztot’s. The
hybridization becomes larger as the energies come closer
to each other. Since Sztot = +j states approach the GS
while Sztot = −j states depart from it, the GS primarily
hybridizes with Sztot = +j states, which is precisely why
a positive net magnetization appears.
In the present case, the thermodynamic limit is non-
trivial since we have to consider the hybridization with
infinitely many levels. To clarify this, let us introduce
the “magnetic density of states” (MDOS), defined as∑
iM
z
i δ(Ei − E), which enables us to capture the be-
havior of the Zeeman splitting for the entire many-body
states. MDOS, normalized by 2N (N is the number of
spins), for various values of Ω is calculated with diago-
nalization of the effective Hamiltonian (3). The result
for A/J = 0.1 and N = 8 is displayed in Fig. 5(a).
While MDOS is zero at Ω = 0 due to the Sztot = ±j
degeneracy, it develops positive (negative) peaks on the
E < 0 (E > 0) side, which move to low (high) ener-
gies with increasing Ω. When the energy of the positive
peak overlaps with that of the GS (E ∼ −1.2NJ), the
hybridization becomes most prominent and thus leads to
the resonancelike behavior. Figure 5(b) plotsMz against
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FIG. 5: (Color online) (a) Magnetic density of states (MDOS)
in units of (number of states)·J−1 per site for Ω/J = 0.5, 1.5,
and 2.5. (b) Ω dependence of Mz at various times. The
results are obtained by exact diagonalization of the N = 8
effective Hamiltonian (3).
Ω at various times calculated by combining the Floquet
theory and the exact diagonalization for N = 8 (Ap-
pendix A). We can see that the result agrees well with
the iTEBD result [Fig. 3(b)]. The peak is located around
Ω/J ≃ 1.9, which is close to the peak around Ω/J ≃ 1.4
in the iTEBD result. A slight deviation can be attributed
to a finite-size effect. We can compare the Ω dependence
of Mz at t/J−1 = 3.6 calculated by exact diagonaliza-
tion for finite size systems N = 4, 6, 8 with the iTEBD
result for an infinite system in Fig. 6(a). As we increase
N , the exact diagonalization result approaches that of
iTEBD qualitatively. However, a deviation is seen when
we use a naive linear extrapolation in the limit ofN →∞
[Fig. 6(b)].
Finally in this section, we note that the emerged mag-
netization represents not a quantum phase transition but
a dynamical phase transition. Due to the sudden onset of
the laser (an “ac quench”), the state becomes highly ex-
cited. Since the present unitary time evolution described
by the static effective model keeps the energy unchanged,
the system after the quench does not decay to the GS.
Let us display the induced Mz for small A and Ω in
Fig. 7. We can see that the inducedMz grows as (A/J)2,
while in the effective model (3) the transition does not
occur when the size of the effective field
√
(2A)2 +Ω2/J
is smaller than the Haldane gap ∆/J ∼ 0.26. The result
implies that the magnetization induction is a dynamical
phase transition and not a static quantum phase transi-
tion at the absolute zero T .
5(a)
(b)
FIG. 6: (Color online) (a) Ω dependence of Mz at t/J−1 =
3.6 calculated by exact diagonalization for finite size systems
N = 4, 6, 8 and by iTEBD for an infinite size system. (b)
Peak frequency for N = 4, 6, 8, and its linear extrapolation
to N → ∞ limit. The arrow represents the peak frequency
obtained from iTEBD.
FIG. 7: (Color online) The induced Mz for small A and Ω.
Lines represent fitting of the data points by parabolic curves.
IV. BREAKDOWN OF THE STRING ORDER
In this section, we present an interesting relation be-
tween the induced magnetization and the string order
correlation [21]. The Haldane phase, being topologically
ordered, has no local order parameter, but is instead
characterized by the string order parameter, which is de-
fined as limr→∞Ostr(r) from the string-order correlation
function, Ostr(r) = 〈S
z
0 exp(iπ
∑r−1
i=0 S
z
i )S
z
r 〉 [21]. The
string order parameter can capture the Haldane phase
since this phase consists of a superposition of states in
which an arbitrary number of |Szi = 0〉’s are inserted be-
tween |1〉 and | − 1〉 in a Ne´el order in terms of the Szi
basis, e.g., | . . . , 1, 0, 0, 0,−1, 0, 1, 0, 0,−1, . . .〉. In the ini-
tial GS, we are in the Haldane phase with the nonzero
string order parameter as seen in the t = 0 result of
Fig. 8(a). For t > 0, the string order correlation Ostr(r)
(a)
(b)
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FIG. 8: (Color online) (a) The string order correlation func-
tion calculated with iTEBD at various times. (b) The inverse
of string correlation length ξ−1 plotted as a function of Mz.
The result of iTEBD (circles) and the analytical prediction,
ξ−1 = − ln(1− 2Mz) (line) are shown.
decays exponentially with distance r. This result indi-
cates that the breakdown of the string order happens as
soon as the laser application begins.
We find that the decay of the string order has a
direct (and even analytic) relation with the emergence
of the z component of magnetization. Specifically, the
magnetization is related with the string correlation
length ξ [defined by fitting Ostr(r) ∝ exp(−r/ξ)].
Figure 8(b) plots ξ−1 as a function of Mz. We can
deduce an analytic form for the relation between ξ
and Mz as follows. A flip of a single spin from |0〉
to |1〉 or from | − 1〉 to |0〉 in the Haldane phase
gives a factor −1 in the string order correlation func-
tion, and acts like a “disorder” in the string-ordered
states (e.g., | . . . , 1, 0, 0, 0,−1, 0, 1, 0, 0,−1, . . .〉 →
| . . . , 1, 0,“1”, 0,−1, 0, 1, 0, 0,−1, . . .〉). The probability of
having such a disorder is Mz per site, and by estimating
the probability of having k disordered sites out of r sites,
we are led to an expression,
Ostr(r) ≃ S0
r∑
k=0
(−1)k rCk(M
z)k(1−Mz)r−k
= S0(1− 2M
z)r,
where S0 is the initial (i.e., at M
z = 0) value of the
string order. Namely, we have ξ−1 = − ln(1 − 2Mz),
which agrees well with numerical data in Fig. 8(b) in the
small Mz region.
Now we can comment on the symmetry protection and
string order of the Haldane phase. In Ref. 20, it is proved
that the Haldane phase is characterized by a twofold de-
generacy in the entanglement spectrum, and that this
6degeneracy can be protected by imposing any one of (i)
time-reversal, (ii) bond-center inversion, or (iii) Z2 × Z2
symmetries. It is also discussed that the string order pa-
rameter is well defined in systems with Z2 × Z2 symme-
try. An example of Haldane phases with no string order is
given in Ref. 27. In our case, however, the perturbation is
single-ion anisotropy and magnetic field. The single-ion
anisotropy, which is unchanged under Szi → −S
z
i , does
not break Z2×Z2 symmetry. This is consistent with our
data for t = 0 in Fig. 8 (a), which shows a nonzero string
order parameter. Although the string order parameter
cannot be used as an order parameter in the magnetized
phase, our finding shows that the decay of the string or-
der correlation function is related with the size of the
induced magnetization.
V. SUMMARY AND DISCUSSIONS
To summarize, we have found that a net magnetiza-
tion can be induced by applying a circularly polarized
laser to antiferromagnets with anisotropy. We numeri-
cally demonstrated this phenomenon using iTEBD. The
mechanism of the phenomenon and the existence of a
resonant frequency are explained by a unitary transfor-
mation into a rotating frame, equivalently by the Flo-
quet theory. Then the system is described by an effec-
tive static picture, in which the amplitude and frequency
of the laser act as transverse and longitudinal magnetic
fields, respectively. While the S = 1 spin chain is initially
in the Haldane phase, the laser-induced magnetization
occurs concurrently with a destruction of the topological
order, which is characterized by an exponential decay of
the string order correlation function.
Let us discuss the experimental feasibility. Pump-
probe experiments should be most promising, where the
pump laser is required to be strong and circularly polar-
ized, and the induced magnetization can be measured by
Faraday or Kerr rotation. The necessary pump strength
depends on the sensitivity of the probe. We make an
estimation for NDMAP, whose exchange interaction is
estimated to be J ≃ 2.8 meV with D/J ∼ 0.25 [23].
While we have considered a continuous laser application,
a pulse containing only a few cycles of laser can also in-
duce a magnetization as illustrated in Fig. 1(b). In order
to induceMz ∼ 0.01 with few cycles, we need A/J ∼ 0.1.
This corresponds to B = 2A = 0.2J ≃ 5.6 T. The op-
timum frequency is, from the resonance frequency, es-
timated to be 1.4J ≃ 3.9 meV∼ 1 THz. The currently
available intensity of the magnetic field in a laser is∼ 0.13
T [11], which is still an order of magnitude smaller than
the required strength. However, THz laser techniques are
rapidly advancing [13, 28–30], and we expect our theo-
retical proposal to become experimentally feasible in the
near future.
Finally, we comment on the scope of the laser-induced
magnetization. While we have presented the result for
one-dimensional spin-1 systems, our discussion does not
depend on the dimension nor the size of the spin; spin-
related phenomena abound in higher dimensions, such
as the effect of frustration and emergence of spin liquid
phase to name a few. Moreover, quantum spin systems
have interdisciplinary spin-offs, e.g., cold-atom systems.
It is an interesting future problem to study laser-induced
phase transitions in such systems, and the theory pre-
sented here is expected to play an important role.
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Appendix A: Floquet theory
Here let us show that the effective static model (3)
can equivalently be obtained using the Floquet theory
for many-body systems instead of the unitary transfor-
mation onto the rotating frame. The Floquet theory is a
mathematical technique to treat time-periodic differen-
tial equations, which is a temporal analog of the Bloch
theorem for spatially periodic systems. When applied to
a time-dependent Schro¨dinger equation,
i∂t|Ψ(t)〉 = H(t)|Ψ(t)〉, (A1)
with time periodicity H(t + T ) = H(t) (T : period), the
Floquet theorem dictates that the solution should have a
form |Ψ(t)〉 = e−iǫt|Φ(t)〉, which is a product of a phase
factor involving ǫ called Floquet quasi-energy and a time-
periodic wave function (Floquet state) with |Φ(t+T )〉 =
|Φ(t)〉. With both H(t) and |Φ(t)〉 periodic in t, we can
make a discrete Fourier transform,
H(t) =
∑
m
e−imΩtHm,
|Φ(t)〉 =
∑
m
e−imΩt|Φm〉.
When these are plugged into Eq. (A1), the Schro¨dinger
equation is casted into a time-independent eigenvalue
equation in a matrix form,
∑
m
(Hn−m −mΩδmn)|Φ
m〉 = ǫ|Φn〉, (A2)
which can be thought of as an equation for “photon-
dressed” (Floquet) modes.
The present Hamiltonian is a one-dimensional Heisen-
berg antiferromagnet with a single-ion anisotropy in a
7circularly polarized field:
H(t) = J
∑
〈i,j〉
Si·Sj+D
∑
i
(Szi )
2−A(e−iΩtS+tot+e
iΩtS−tot).
(A3)
Thus the zeroth component (Hn−m with n = m) is H0 =
J
∑
〈i,j〉 Si · Sj +D
∑
i(S
z
i )
2, and H±1 just corresponds
to −AS±tot. The eigenvalue equation (A2) then simplifies
into a tridiagonal form,


. . .
H0 − 2Ω H+1 0 0 0
H−1 H0 − Ω H+1 0 0
0 H−1 H0 H+1 0
0 0 H−1 H0 +Ω H+1
0 0 0 H−1 H0 + 2Ω
.. .




...
|Φ2〉
|Φ1〉
|Φ0〉
|Φ−1〉
|Φ−2〉
...


= ǫ


...
|Φ2〉
|Φ1〉
|Φ0〉
|Φ−1〉
|Φ−2〉
...


, (A4)
Floquet index
m = +1
m = 0
m = −1
(a)
(b)

. . .
. . .


S
z
tot−m
= 1
S
z
tot−m
= 0
S
z
tot−m
= −1
S
+
tot
S
−
tot
S
+
tot
S
+
tot
S
+
tot
S
−
tot
S
−
tot
S
−
tot
0
0
FIG. 9: (Color online) (a) Structure of the Floquet Hamil-
tonian (A4) for spin systems in a circularly polarized light
field. (b) Block-diagonal structure of the Floquet Hamiltonian
reshuffled in terms of the good quantum number Sztot −m.
where Ω is a shorthand for Ω times the unit matrix. The
Floquet formalism can then be schematically depicted in
Fig. 9(a), where replicas of the original system are pre-
pared for different Floquet (photon-dressed) modes m.
The terms with the phase factor e∓iΩt in the Hamilto-
nian induce a transition from the Floquet mode m to
m± 1.
The matrix representation of Eq. (A2) is in general
infinite-dimensional, since m takes from −∞ to +∞. In
the present case, however, Sztot −m is a good quantum
number because the term S±tot appears in the Hamilto-
nian with a phase factor e∓iΩt, so that the term simul-
taneously changes the Floquet index and Sztot by ±1, re-
spectively, as shown in Fig. 9(a). This implies that the
Floquet matrix can be put into a block-diagonal form
as shown in Fig. 9(b). We call the Hamiltonian that
acts within the blocks an “irreducible Floquet Hamilto-
nian.” If the system size (i.e., the total number of spins
N) is finite, each block is finite-dimensional since Sztot is
bounded as −N ≤ Sztot ≤ N . Thus, even in the pres-
ence of the time-dependent external field, we can readily
solve the eigenvalue equation with an exact diagonaliza-
tion as far as finite systems are concerned. The necessary
and sufficient conditions to obtain an irreducible Floquet
Hamiltonian are (i) [H0, S
z
tot] = 0 and (ii) conservation
of Sztot −m (m: Fourier mode index). These conditions
imply that the direction of laser propagation should be
parallel to the anisotropy axis of the magnet. This dic-
tates the experimental setup.
The irreducible Floquet Hamiltonian is formally equiv-
alent to the Hamiltonian for an S = 1 chain with longitu-
dinal and transverse magnetic fields in the present spin
model (A3). Namely, since the S±tot term connects the
sectors that have Sztot differing by ±1, B(= 2A) acts as
the transverse magnetic field. On the other hand, Ω acts
as the longitudinal magnetic field. We can see this be-
cause the matrix components in the same Sztot sector are
H0−mΩ, which translates into H0−ΩS
z
tot since S
z
tot−m
is constant within each irreducible Floquet Hamiltonian
(where the constant, being irrelevant, can be set to 0).
We end up with an effective Hamiltonian,
HIr.Fl. = J
∑
〈i,j〉
Si·Sj+D
∑
i
(Szi )
2−BSxtot−ΩS
z
tot. (A5)
The time evolution of Mz can then be calculated
from the exact diagonalization result for the eigenval-
ues {ǫα} and eigenvectors {|Φα〉} of Eq. (A5). We can
8A /J=1.0
Ω /J=1.4
D /J=0.25
t / J -1
M
 z
FIG. 10: (Color online) The time evolution of Mz calculated
by iTEBD for the matrix dimension varied as χ = 50, 100,
200.
reconstruct the solution of the original time-dependent
Schro¨dinger equation as |Ψ(t)〉 =
∑
α cα|Ψα(t)〉, where
|Ψα(t)〉 ≡
∑
m e
−i(ǫα+mΩ)t|Φmα 〉, and the coefficients cα,
with
∑
α |cα|
2 = 1 for normalization, is determined from
the initial condition. For example, when the application
of laser begins suddenly at t = 0, the coefficients are
cα = 〈Ψα(t = 0)|Ψ0〉, where |Ψ0〉 is the initial state,
i.e., the GS of H0 = J
∑
〈i,j〉 Si · Sj +D
∑
i(S
z
i )
2. The
magnetization per spin Mz then evolves as
Mz(t) =
∑
α,m
|cα|
2〈Φmα |S
z
tot/N |Φ
m
α 〉
+
∑
α<β,m
[c∗βcαe
i(ǫβ−ǫα)t〈Φmβ |S
z
tot/N |Φ
m
α 〉+H.c.],
where the first (second) term is the t-independent (t-
dependent) part.
Appendix B: An animation of the magnetization
emergence
As a best way to represent the time-evolution of the
magnetization, we attach here a movie [31]. There, the
initial state (t = 0) is the GS of
H0 = J
∑
〈i,j〉
Si · Sj +D
∑
i
(Szi )
2 (J > 0),
and the time evolution for t > 0 is obtained with
iTEBD [16] for the Hamiltonian,
H(t) = H0 −A(e
−iΩtS+tot + e
iΩtS−tot),
where we have set D/J = 0.25, A/J = 1.0, and Ω/J =
1.4. In the movie, the time evolution of magnetization
M = (Mx,My,Mz) (Mα ≡ 〈Sαi 〉) is represented by an
arrow for a time interval of 0 ≤ t ≤ 9.6J−1.
Let us mention the precision of iTEBD calculations,
which is determined by the dimension χ of the ma-
trix product state representation. The χ dependence is
shown in Fig. 10. As seen, the χ dependence is small
for χ ≥ 100. Thus the calculations for the time interval
considered above should be accurate since we have set
χ = 200 for all iTEBD calculations in our paper.
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